We present estimates of number of simplices of given dimension of classical compact Lie groups. As in the previous work [12] the approach is a combination of an estimate of number of vertices with a use of valuation of the covering type by cohomological argument of [11] and application of the recent versions of the Lower Bound Theorem of combinatorial topology. For the case of exceptional Lie groups we made a complete calculation using the description of their cohomology rings given by the first and third author. For infinite increasing series of Lie groups of growing dimension d the rate of growth of number of simplices of highest dimension is given which extends onto the case of simplices of (fixed) codimension d − i.
Introduction
Every smooth manifold X admits an (essentially unique) compatible piecewise linear structure, i.e a triangulation. Obviously it is finite if X is compact. But the existence theorem says nothing about the number of simplices, e.g. vertices, we need for a triangulation of X. The problem to find minimal triangulation, i.e. a triangulation which has minimal number of vertices was a subject of many studies of combinatorial topology (see [2] and [17] for references). Consequently, it is important to give any estimate of the number of vertices, or more general the number of simplices of given dimension 0 ≤ i ≤ d = dim X. Definition 1.1. Let K be the complex of triangulation of a d-dimensional closed manifold, and denote by f i , i = 0, . . . , d the number of i-dimensional simplices in K.
In this note we present estimates of coordinates of the vector (f 0 , f 1 , . . . , f d ) in the case where X is a compact Lie group. We restrict our study to classical Lie groups for which the cohomology rings have complete description. The case of five exceptional Lie groups is equipped with complete calculation of the formula based on the complete description of their cohomology rings given by the first and second author in [8] . For the remaining infinite series of classical Lie groups we describe the asymptotic in d growth of f i the number of vertices of dimension i. According to our knowledge there are no results results in literature which give estimate of number of simplices of triangulation of Lie groups in general. Let us remind, that every compact Lie group has finite-sheet covering which is a product of a torus and some simply and simply-connected Lie groups, see [29, App. 1.2] . Simply and simply-connected Lie groups have four infinite series A n , B n , C n , D n , and finite family of exceptional Lie groups G 2 , F 4 , E 6 , E 7 , E 8 . The series A, B, C, and D correspond to the groups SU (n + 1), SO(2n + 1), Sp(n), and SO(2n) respectively. * Our approach has two factors. In [15] M. Karoubi and Ch. Weibel defined a homotopy invariant of a space X called the covering type of X and denoted ct(X). By its definition it is a lower bound for f 0 (X) (cf. [15] , also [11] ). In paper [11] a method of estimate from below of ct(X) was presented. The main result of it provides a formula in terms of multiplicative structure of the cohomology ring H * (X; R) in any coefficient ring R. More precisely, it estimates ct(X) by the maximal weighted length of a nonzero multiple inH * (X; R) (Theorem 2.1).
The second component of our approach is based on the recent much more sharper versions of the Lower Bound Theorem, shortly called LBT (see [12] for an exposition). Purely combinatorial in arguments LBT (cf. [14] ) states that the number i-dimensional simplices of K grows as f 0 × the number of i − dimensional simplices of the standard simplex ∆ d lowered by a term i d+1 i which does not depend on f 0 . Recent versions of LBT called GLBT (cf. [16] , [20] , [21] , and [22] , [23] ) or g-conjecture confirmed in [1] increase the formula of LBT by adding terms which depend on the reduced Betti numbers of X (cf. Theorem 3.1). The latter not only involves the topology of X but also essentially enlarges the estimate.
The paper is organized in the following way. In the first section we derive or estimate the main formula of [11] (Theorem 2.1) for the classical Lie groups estimating the covering type of spaces in problem. Next in the second section we adapt Theorem 3.1 to the discussed spaces by substituting the estimate of f 0 of first section and the values (or estimates) of Betti numbers of studied spaces. At the end we include a notebook of the Mathematica which derives the value of main formula provided values of f 0 and β i the reduced Betti numbers are known. We present the result of computation of estimates of f i , 0 ≤ i ≤ 14 for the group G 2 , and F 4 , leaving the reader a potentiality to compute this for the remaining exceptional compact Lie groups E 6 , E 7 , and E 8 .
Computations of value of covering type by use of 2.1
Our aim is derive the value of formula of Theorem 2.1 for these spaces, classes of spaces for which it can be effectively derived. To do it we restate the some facts presented already in [11] , derived the value form description of cohomology rings of exceptional Lie groups given by the first and third author in [8] . We also adapt the classical results on the cohomology rings of Lie groups (for example see [10] ). Finally we include the results of direct computations for some other spaces.
Theorem 2.1 ([11, Theorem 3.5]). If there are elements x i ∈ H i k (X) with i k > 0, k = 1, 2, . . . , l, such that x i1 · x i2 · · · · · x i l = 0 then
Furthermore, if all i k 's are not equal, then ct(X) ≥ l + 2 + l k=1 k i k .
We begin from a general theorem which shows that for given simple-connected compact Lie group G the values which are necessary for formula (2.1) are encoded in the Cartan algebra the Weyl roots system of G.
It is known [9, CH.1, §7] and [10] that the cohomology ring of a compact Lie group G with coefficients in a field R of characteristic 0 is of the form
where 0 ≤ m 1 ≤ m 2 ≤ · · · ≤ m l and the sequence (m 1 , m 2 , . . . , m l ) is called "the rational type" of G.
Moreover [10] , it is known that if G is a simple compact Lie group then
where l = rk G is the rank of G, i.e. the dimension of maximal torus T ⊂ G, and d = dim G the dimension of G. 
A natural question about of finding the maximum and minimum of ( * ) reduces to do the problem of estimation of sum
The above follows from the Abel identity.
Since l j=1 m j = 1 2 (d − l) , the value of M l is fixed.
1) Note that the sum (*) is monotonic with respect to each m j , consequently the minimal value is 0, for m 1 = . . . . . = m l = 0. There is not the greatest value in general, i.e. if we do not have equality (2.2) 2) If (2.2) holds and M l is fixed, then the greatest value is for m 1 = · · · = m l−1 = 0, m l = M l .
3) Concerning once more the lowest value in more detail. From the monotonicity of m j we have M j ≤ ⌊jM j+1 /(j + 1)⌋, j = 1, . . . , l − 1 . Consequently, the equality, thus the lowest value, is for
Note that m 1 = · · · m l−1 = 0 and m l = M l implies l + 1 + l j=1 j (2m j + 1) = l + 1 + l(2m l + 1). This and ( * ) give A classical result coming form the fact π 2 (G) = 0 and π 3 (G) = Z for any compact Lie group says (see [10, Theorem 2.6]) Theorem 2.5. Let G be a compact simply-connected simple Lie group. Then H 3 (G; Q) ≃ Z. This implies that m 1 = 1 and m i > 1 for i > 1.
As a corollary we get the following estimate Corollary 2.6. Let G be a compact simply-connected simple Lie group, T l ⊂ G its maximal torus, and (m 1 , m 2 , . . . , m l ) its rational type. Then
Remark 2.7. Note that estimates of Theorem 2.2 and Corollary 2.6 give only at most cubic rate of growth of ct(G) in the dimension of G.
Moreover, the same argument shows that in general the estimate (2.1) of Theorem 2.1 gives only cubic rate of growth of ct(X) in n = dim X.
Proof. Indeed, doing very crude estimation, i.e. replacing l = dim T by n = dim G and each 2m j + 1 by n, or respectively l by n = dim X and also each i k by n = dim X in the general case, we get the following
or respectively
The simplest compact Lie group is the torus T n , which is not simpleconnected but has nice form of its cohomology algebra
. Of course the statement also follows from Corollary 2.3
Analogous argument works for the unitary groups. But then the knowledge of degrees of generators of H * ( ; Z) let us get better estimate than that of Corollary 2.3 Proposition 2.9. The covering type of unitary group is estimated as ct(U (n)) ≥ 1 6 (4n 3 + 3n 2 + 5n + 12) and ct(SU (n)) ≥ 1 6 (4n 3 − 3n 2 + 5n + 6).
Proof. The cohomology algebra H * (U (n); Z) is the exterior algebra on generators in dimensions 1, 3, . . . , (2n−1), while H * (SU (n); Z) is the exterior algebra on generators in dimensions 3, 5, . . . , (2n−1). Theorem 2.1 and the classical sums l j=1 j = l(l + 1) 2 and l j=1 j 2 = l(l + 1)(2l + 1) 6
give ct(U (n)) ≥ 1 + 2 · 3 + 3 · 5 + . . . + n · (2n − 1) + (n + 2) = 1 6 (4n 3 + 3n 2 + 5n + 12) and ct(SU (n)) ≥ 1 · 3 + 2 · 5 + . . . + (n − 1) · (2n + 1) + (n + 1) = 1 6 (4n 3 − 3n 2 + 5n + 6).
Proposition 2.10. The covering type of the symplectic group is estimated as ct(Sp(n)) ≥ 1 6 (8n 3 + 13n 2 + 11n + 12)
Proof. We have H * (Sp(n); Z) = [x 3 , x 7 , . . . , x 4n−1 ] (cf. [10] ) and the statement follows by the same arguments as in Proposition 2.9 applied to the sum n j=1 j (4j − 1).
Proposition 2.11. The covering type of special orthogonal group SO(n) is estimated as ct(SO(n)) ≥ 1 6 (4n 3 + 3n 2 + 5n + 12)
Proof. Let F 2 be a field of characteristic 2, e.g. Z 2 with the ring structure. Then from [10, Theorem 1.18] we have H * (SO(n); F 2 ) is the quotient of polynomial ring
where m = ⌊ n 2 ⌋ and α i is the smallest power of two such that i α i ≥ n. Since the generator of ideal (x αi i ) is a multiple of variables x i in powers which are powers of 2, the multiple
Then the statement follows from Theorem 2.1 and the same calculation as for G = U (n) in Proposition 2.9.
• ct(G 2 ) ≥ (4 + 2) + 1 × Using the cohomology with other coefficients one obtains different lower bounds, among which F 2 coefficient gives the best estimation.
Kähler or symplectic manifolds.
Theorem 2.13. If X is a Kähler manifold, or a closed symplectic manifold of (real) dimension 2m, then ct(X) ≥ (m + 1) 2 .
Proof. By definition, there is a cohomology class ω ∈ H 2 (X) such that ω m = 0 ∈ H 2m (X) (see [3, 4.23 Theorem]). Consider m copies of ω. From Theorem 2.1, we obtain that ct(X) ≥ m + 1 + m k=1 2k = (m + 1) 2 .
Estimates of number of simplices of given dimension
In this section we estimate the number of simplices of a given dimension, e.g. of facets, and of all simplices that are needed to triangulate a Lie group or flag manifold. In our approach we follow our previous work [12] . A classical tool for such an estimation is the Lower Bound Theorem of Kalai [14] and also Gromov [13] (see [12] for more information). Note that LBT is purely combinatorial and does not take into account the homology of the manifold. As in [12] we are able to obtain better estimates by using a generalized version of LBT.
First observe that the number of all simplices always increases exponentially with the dimension. In fact, even the minimal triangulation of the simplest closed manifold, the d-dimensional sphere, has d + 2 vertices and 2 d+2 − 2 simplices. However, we will show that the number of simplices that are needed to triangulate Lie groups, respectively flag manifolds, of comparable dimension is several orders of magnitude bigger.
As we said LBT does not take into account the homology of the manifold, so we are led to consider stronger results. Much of the research in enumerative combinatorics of simplicial complexes has been guided by various versions of the so called g-Conjecture. These are a far-reaching generalization of the LBT. Of particular interest to us is the so called Manifold g-Conjecture (see [16, Section 4] ), as it comes with a version of LBT for manifolds that takes into account the Betti numbers. Recently, Adiprasito has published a preprint [1] , whose results combined with the work of Novik and Swartz [20, 22, 23, 28] imply that the Manifold g-Conjecture is indeed true.
The Strong Manifold g-Theorem comes with an even stronger version of the GLBT (cf. [12, Theorem 4.5]) which we formulate here for convenience of reader. Theorem 3.1. Suppose F is a field 1 of arbitrary characteristic. Let M be a connected d-dimensional Forientable triangulated F-homology manifold without boundary. Suppose β i , i = 0, . . . , d, are the reduced Betti numbers of M with respect to F. Then the following bounds hold:
3.1. Asymptotic estimate for the classical Lie groups. We are in position to formulate a theorem which states that for the classical compact Lie groups for any triangulation the number of facets (the simplices of highest dimension of the group) growth exponentially in the rank of groups, thus also exponentially in in the dimension of these groups.
To make a use of Theorem 3.1 we should know the Betti numbers of of given space. The most common and useful for computation is a presentation of them as the coefficients of Poincare polynomial of X. Let β i be the dimension of H i (X; F) of the cohomology group in the coefficient in a field F. The Poincare polynomial is defined as:
Study of the Betti numbers of the Lie groups began even earlier than a description of their cohomology rings had been given. For a brief of its history and many positions of classical literature we refer to [6] and [25] . We have the following description of Poincare polynomial (cf. [25] , [6] ).
Let G be a compact Lie group and (m 1 , m 2 , . . . , m l ) its rational type, where l is the rank of G. Then its rational Poincare polynomial is given as
More precisely
, and P (SO(2n + 1)) = (1 + t 3 )(1 + t 7 ) · · · (1 + t 4n−1 ) , P (SO(2n)) = (1 + t 3 )(1 + t 7 ) · · · (1 + t 4n−5 ) · (1 + t 2n−1 ) , P (Sp(n)) = (1 + t 3 )(1 + t 7 ) · · · (1 + t 4n−1 ) .
We need also an information about dimensions and ranks of the listed above groups. G U (n) SU (n) SO(2n + 1) SO(2n) Sp(n) d = dim G n 2 n 2 − 1 n(2n + 1) n(2n − 1) n(n + 1) l = rank G n n − 1 n n n Theorem 3.2. For the classical compact Lie groups U (n), SU (n), SO(n), and Sp(n) we have the following estimates of number of facets, i.e. simplices of highest dimension d = dim G:
Consequently, in all these cases the number of facets f d grows exponentially in n, thus in l = rank G and d = dim G.
Proof. To show the statement it is enough to apply the second formula of Theorem 3.1 and do the following.
• First substitute the values of estimates of ct stated in Propositions 2.9, 2.11, and 2.10 respectively to the formula of Theorem 3.1 as f 0 . • Secondly, input to this formula the value of dimension d from the table 3.1.
• Thirdly, truncate the sum of formula of Theorem 3.1 disregarding the lust term (sum) of it. • Next, in the term d−1 j=0 d−1 j β j take on account only these reduced nonzero Betti numbers which correspond to the multiples t 2mi 1 +1 t 2mi 2 +1 · · · t 2mi s +1 for multi-indices (i 1 , . . . , i s ), i k ≥ 1, of lengths 1 ≤ s ≤ l, where l = rank G. Observe that always the upper index of summation, which is equal to d − 1, is greater or equal to the parameter n, or n − 1 if G = SU (n). The latter is equal to l-the rank. Consequently d−1 j ≥ l j , and
where each j corresponds to a multi-index (i 1 , . . . , i s ) of length 1 ≤ s ≤ l. By the above, β j ≥ 1. Now the statement follows from the binomial formula l j=0 l j = 2 l , since we have subtract l 0=1 as the zero Betti number. At the end of this subsection we turn back to the Kähler and symplectic manifolds. As a correspondent of Theorem 3.2 we have the following theorem Theorem 3.4. If X is a Kähler manifold, or a closed symplectic manifold of (real) dimension 2m, then f 2m (X) ≥ (2m 3 + 2m + 1) + (2 2(m−1) − 1) = 2m 3 + 2m + 2 2(m−1)
Proof. Since f 0 ≥ (m+1) 2 by Proposition 3.4, and d = 2m the first term of the second formula of Theorem 3.1 is equal to 2n 3 + 2n + 1. Moreover, ω j = 0 in H 2j (X; Z) for every 1 ≤ j ≤ m which implies that
. Now the statement follows by the same argument as in Theorem 3.2.
Remark 3.5. We must emphasize that the estimates of Theorems 3.2 and 3.4 are very imprecise especially in low dimensions. For example the Kähler manifolds have more lager Betti numbers for interesting examples of algebraic varieties (cf. [24] ). Consequently, for lower dimensional cases it is better to derive completely the formula of Theorem 3.1 than to estimate only.
3.2.
Computations for the exceptional Lie groups. In the last section we present complete calculation of the numbers f i for two exceptional groups G 2 and F 4 , and the Poincaré polynomials for all exceptional groups. We also provide the codes sources for a notebook of Mathematica program. This and the data of Poincaré polynomials allow to derive the numbers f i , 0 ≤ i ≤ dim G for the remaining exceptional Lie groups but the length of outputs are too long to include them to this note.
Proposition 3.6. The Poincaré polynomials P (G;F) of the five simply connected exceptional Lie groups G with coefficients in a field F are: Applying Theorem 3.1 we can obtain estimations of the number f i of simplices of dimension i of the relevant group G. This task can be implemented using Mathematica with the cods noted below.
The input is the Poincaré polynomial P (G; F) of a group G, while the Output is a table that lists all the estimations of f i , where i ranges from 0 to dim G. Since the covering type ct(M ) serves as an estimation of f 0 (M ).
Remark 3.7. From the Poincarȩ polynomial P (G 2 ; F 2 ) of the group G 2 with coefficients in F 2 we obtain the following estimations of the f i (G 2 )'s, where 1 ≤ i ≤ dim G 2 = 14:
44 , 540 , 3500 , 16380 , 60060 , 180180 , 460460 , 1003860 , 1793220 , 2494492 , 2582580 , 1901900 , 936740 , 276060 , 36808
In comparison, the estimations coming from the Poincaré polynomials with other coefficients are much smaller.
Remark 3.8. In the next table we present estimations of the f i 's for the group F 4 derived separately by use of the Poincaré polynomial with coefficients in F 2 , F 3 , or F 5 respectively. To get a comparison, in each dimension i the biggest lower bounds are underlined. Note that the estimations vary according the choices of coefficients.
